The paper deals with the study of complete embedded flat surfaces in H 3 with a finite number of isolated singularities. We give a detailed information about its topology, conformal type and metric properties. We show how to solve the generalized Weyl's problem of realizing isometrically any complete flat metric with Euclidean singularities in H 3 which gives the existence of complete embedded flat surfaces with a finite arbitrary number of isolated singularities.
Introduction
In 1916 Herman Weyl posed the following problem: Can a two dimensional Riemannian manifold of positive curvature and homeomorphic to a sphere be isometrically embedded in the Euclidean three-space? The problem was solved by Weyl himself in [20] for the analytic case, but a general solution and extensions of this problem for spaces of constant curvature follow from the following results of Alexandrov [1, Chapter XII] and Pogorelov [16, Chapter V]:
• Alexandrov (1948) : A metric of curvature ≥ K (in Alexandrov sense) on a manifold homeomorphic to a sphere is realizable by a closed convex surface in a space of constant curvature K.
• Pogorelov (1958) : A convex surface with regular metric in a space of constant curvature K is regular.
In the case of the hyperbolic space H 3 of constant curvature −1, there are convex surfaces that are homeomorphic to any domain of the sphere with complete metric of curvature ≥ −1. In order to characterize the metric of all such surfaces, Alexandrov proved
• Alexandrov (1948) : A complete metric of curvature ≥ −1 on an arbitrary domain of a sphere is realizable by a complete convex surface in H 3 .
In particular, for flat surfaces isometrically immersed in H 3 , a classical result states that the only regular complete examples of flat surfaces in the hyperbolic space are horospheres and hyperbolic cylinders. Excluding these surfaces, complete flat surfaces in H 3 have singularities. It is well known that any such a surface, away from umbilic points, is characterized by a harmonic function in terms of its first and second fundamental forms. Moreover, such surfaces, whose second fundamental form is locally related to the classical Hessian one Monge-Ampère equation
have a Weierstrass-type representation formula obtained by J.A. Gálvez, A. Martínez and F. Milán [6] . Recent papers on the Cauchy problem for certain Monge-Ampère type equations (see [2] , [3] , [7] ), motivated several authors to study flat surfaces with singularities and to investigate how the nature of these singularities determines the global geometry of the surface (see [4] , [6] , [7] , [13] , [14] , [17] ). Although the singular set of a flat surface in H 3 is, generically, a collection of curves, a particular kind of singularity also appears: the isolated singularities around which the flat surface is regularly embedded. The study of complete flat surfaces with isolated singularities are of special interest since they constitute the examples with the biggest regularity. Up to now, the only known complete flat embedding with this kind of singularities are the rotational ones (with one isolated singularity and one end, see Figure 1 ) and the examples described in [4] (with two isolated singularities and one end, see Figure 2 ). Both are examples of complete flat surfaces with a finite number of conical singularities.
On the other hand, the class of conformal flat metrics with conical singularities on a Riemann surface has been widely studied, (see [12] , [19] ). It is hence natural to study the isometric embedding problem (generalized Weyl problem) for such flat metrics with conical singularities in H 3 . The paper is organized as follows: Section 2 starts with the notion of complete embedded flat surfaces in H 3 with a finite number of isolated singularities. We will prove that any such a surface is homeomorphic to a sphere with finitely many points removed and give full information about the conformal type and the metric asymptotic behavior at each singularity and at each end.
Section 3 is devoted to the generalized Weyl's problem of realizing isometrically any complete flat metric with isolated singularities in H 3 .
Complete flat surfaces in H 3 with isolated singularities
This section deals with the study of complete embedded flat surfaces in the hyperbolic 3-space with a finite number of isolated singularities. We shall obtain precise information concerning its topology, the conformal type of its ends and singularities, and the metric asymptotic behavior at each end and at each singularity.
Let L 4 be the Minkowski 4-space with linear coordinates (x 0 , x 1 , x 2 , x 3 ) and scalar product, < ., . > given by the quadratic form −x
3 . The hyperboloid model of the hyperbolic 3-space, H 3 , is the simply connected Riemannian 3-manifold with sectional curvature −1, which is realized as the hyperboloid
with the induced metric from L 4 , where e = (1, 0, 0, 0). Let N 3 denote the positive null cone, that is, 
Geometrically, K = π • P e , where π :
, is the usual vertical projection π(x) = x+ < x, e > e and P e : H 3 −→ Π e is the central projection from the origin onto the hyperplane Π e = {x ∈ L 4 : < x, e >= −1}. Moreover, K extends in a smooth way to the ideal boundary S 2 ∞ , which is mapped onto the spherical boundary of the ball.
Since the geodesics of the hyperboloid model are the intersection with planes containing the origin, they are mapped into straight lines in B 3 , that is, K is a geodesic map and so it preserves convexity. 
On the topology
The following result gives us a full information about the topology of this kind of surfaces:
3 be a complete flat embedding with isolated singularities p 1 , · · · , p n ∈ Σ. Then, there exists a compact Riemann surface Σ homeomorphic to a sphere and a finite set of points E = {e 1 
The points e 1 , · · · , e m are called ends of ψ.
Thanks to a classical result of Huber, [9] , Σ \
• K is conformally a compact Riemann surface with compact boundary and finitely many points removed. Thus, up to a homeomorphism, Σ is a compact Riemann surface Σ with a finite set E = {e 1 , · · · , e m } of points removed.
It only remains to show that Σ is homeomorphic to a sphere. To see this, we consider the Beltrami-Klein model of H 3 , in which the points are represented by the points in the unit ball B 3 under the map K given by (1). But K is a geodesic map and it preserves convexity. In particular, as flat surfaces in H 3 have constant extrinsic curvature 1, they are mapped into locally convex surfaces in B 3 ⊂ R 3 . Moreover, the ideal boundary S 2 ∞ of H 3 is mapped via K to the unit 2-sphere S 2 of R 3 . Now we make some observations: Observation 1. As ψ is an embedding, each end has to be regular and asymptotic to one of rotational type (see [4] , [6] , [21] ). Thus, ψ extends continuously to each end as a point in
, the surface is a convex graph over a plane passing through the singularity.
From the above observations K • ψ can be continuously extended to Σ as an immersion ϕ : Σ −→ B 3 ⊆ R 3 . Since Σ is compact and there is a local supporting plane at ϕ(p) for all p ∈ Σ, we have from [8] that Σ is a sphere and ϕ(Σ)) is globally convex in R 3 .
Metric properties
Our next step concerns with metric properties around each isolated singularity and each end. 
where β > −1. That is, p is a conical singularity with total angle θ = 2π(β + 1).
Proof. Consider the usual covering map Π : Ω −→ D \ {p}, with Ω = {w ∈ C : 0 < Im(w) < R 0 }, so that Π extends continuously to R as Π(R) = {p} and Π(w + 2π) = Π(w), for all w ∈ Ω.
Consider Ω with the flat metric Π * (g), then, since Ω is simply-connected, from Cartan Theorem, there is an isometry ι : (Ω, Π * (g)) −→ (C, g 0 ), where g 0 denotes the standard Euclidean metric in C. Moreover, there exists a preserving orientations isometry ζ : (C, g 0 ) −→ (C, g 0 ) such that ι(w + 2π) = ζ(ι(w)) since the map w → w+2π is a desk transformation, that is, an isometry for (Ω, Π * (g)). We assert that ι can be continuously extended to R so that ι(R) is a constant z 0 . If so, ζ(z 0 ) = z 0 and ζ must be a rotation centered at z 0 .
To see this, we choose {x n }, {y n } two sequences of points in D \ {p} tending to p, which is possible because the distance associated to g extends continuously to p. Then, there exist a, b ∈ [0, 2π] satisfying
If we take
it is easy to see that {ι(Π −1 (z n ))} is a Cauchy's sequence in (C, g 0 ) and we can assume it converges to the origin. But, from the uniqueness of the limit, ι(a) = ι(b) and the assertion is proved.
Because ι maps each fundamental domain R m = {w ∈ Ω : 2(m − 1)π ≤ Re(w) ≤ 2mπ}, m ∈ Z, to a region in C through the origin with finite area A(D), we need only a finite number of fundamental domains to cover a neighborhood V of the origin. Now, we take r > 0 small enough so that the Euclidean ball of radius r, B r around the origin lies in V and consider the following segment L = {a ∈ R : 0 ≤ a < r} in B r . Then ι −1 (L) and 2π + ι −1 (L) are geodesics in (Ω, Π (g)) bounding a fundamental domain which is mapped by ι onto a circular sector S θ of angle θ in B r which is bounded by two radii L and L . The transformation z −→ (z/r) α , α = 2π/θ, maps conformally S θ \ {0} onto D = {ζ : 0 < |ζ| < 1} and
which concludes the proof.
Thus, we obtain that an isolated singularity must be conical. But it was proven by Alexandrov [1] that for an embedding the total angle of a conical singularity satisfies θ ∈]0, 2π[. Thus, as a consequence, we obtain: 
A Gauss-Bonnet formula and some consequences
From the above propositions we obtain the conformal type of a complete flat embedding and using, for instance, [5] one has the following Gauss-Bonnet formula: Since a complete flat immersion with no singularity must be a hyperbolic cylinder or a horosphere, one has:
be a complete flat embedding with a finite number of isolated singularities. Then, ψ(Σ) is a hyperbolic cylinder or ψ has at most one end.
If Σ is compact, we observe that the number of isolated singularities must be at least three. This can be deduced from the previous Gauss-Bonnet formula, but it was previously known from the intrinsic classification of flat metrics on a sphere with conical singularities [19] .
Intrinsic classification of Euclidean complete peaked spheres
The intrinsic classification of complete flat metrics with a finite number of conical singularities on a surface Σ follows from several results of A. Huber, [9, 10, 11] , R. Finn, [5] , M. Troyanov, [19] , and D. Hulin and M. Troyanov, [12] . In fact, thanks to the work of M. Troyanov and A. Huber, these surfaces have a natural compactification:
• Let (Σ, g) be a Euclidean complete Riemannian surface with a finite set
to the regular part of a compact Riemannian surface (Σ, g) with finitely many singular points p 1 , · · · , p n+m ∈ Σ. Moreover, each singular point admits a neighbourhood isometric to the unit disk D = {ζ ∈ C : |ζ| < 1} equipped with the metric
where
For unifying this nomenclature, we shall say that p i is a Euclidean singularity of g of order
Moreover, using the results in [5] , the following Gauss-Bonnet formula must be satisfied
where χ(Σ) denotes the Euler Characteristic of Σ.
Remark 1.
Observe that in a neigborhood of a Euclidean singularity of order β we have the same geometry as around
• the vertex of a standard Euclidean cone of total angle 2π(β +1), if β > −1,
• the end of a standard Euclidean cone of total angle −2π(β + 1), if β < −1,
• the end of a standard Euclidean cylinder if β = −1.
The condition (2) is also sufficient for the existence of complete flat metrics with finitely many Euclidean singular points. In fact, from [19, Section 5] and [12, Theorem 7 .1], we have the following classification result: A natural problem is to determine if these complete flat metrics with conical singularities can be isometrically realized in some ambient space. In this section we shall see how to solve this problem when Σ is a sphere.
We start with the following definition: (D) A Euclidean complete peaked 2-punctured sphere in H 3 must be a hyperbolic cylinder.
In the case of one singularity there exist rotational Euclidean complete peaked punctured spheres (see Figure 1) . Moreover an easy application of the Alexandrov reflection principle gives that any Euclidean complete peaked puncture sphere with only one singularity is a rotational example. Indeed, there is exactly a 1-parameter family of rotational Euclidean complete peaked punctured spheres.
There are also examples of Euclidean complete peaked punctured spheres with two singularities (see Figure 2) . A classification result of this family may be found in [4] .
Let us see the existence of Euclidean complete peaked punctured spheres when the number of isolated singularities is greater than 2. respectively, and such that C is the conformal structure of
Proof. From Proposition 5 and the comments at the beginning of this Section, (3) is a sufficient and necessary condition for the existence of a flat metric on S 2 with conical singularities of orders β 1 , · · · , β n at the points p 1 , · · · , p n , respectively.
Moreover, Propositions 1, 2, 3 and 4 say us that the intrinsic metric of any Euclidean peaked sphere is isometric to one of the Troyanov's flat metrics with conical singularities on the sphere. So, in order to prove the Theorem is enough to show that all these metric may be isometrically embedded in H 3 as Euclidean peaked spheres.
To see this, we first use the following solution to the generalized Weyl's embedding problem proved by Alexandrov:
• A metric of curvature ≥ −1 (in Alexandrov sense) on a 2-manifold homeomorphic to a sphere is realizable by a closed convex surface in H 3 , and conversely, a compact convex surface in H 3 is a 2-manifold of curvature ≥ −1 with respect to its intrinsic geometry.
Summing up, if we take a flat metric g in S 2 with conical singularities p 1 , · · · , p n , whose total angles are all in ]0, 2π[, then there exists a compact convex surface Σ in H 3 (with some singularities) which is isometric to (S 2 , g). But the metric g is everywhere regular except at the points p 1 , · · · , p n and the Pogorelov's regularity theorem [16, Chapter V] proves Σ is a regular smooth convex surface except at n points q 1 , · · · , q n ∈ Σ. It is clear that in the regular part of Σ the intrinsic geometry is flat and Σ is a Euclidean peaked sphere in H 3 , which completes the proof of the Theorem. 
Proof. The proof follows as in Theorem 1 by applying the following more general generalized Weyl's embedding problem proved by Alexandrov (see [1, Chapter XII] for more details):
• A complete metric of curvature ≥ −1 (in Alexandrov sense) on an arbitrary domain of a sphere is realizable by a complete closed convex surface in H 3 , and conversely, a complete convex surface in H 3 is a 2-manifold of curvature ≥ −1 with respect to its intrinsic geometry.
